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Spontaneous quantum emission from analog white holes in a nonlinear optical medium
Stefano Finazzi∗ and Iacopo Carusotto†
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We use a microscopic quantum optical model to compute the spectrum of quantum vacuum
emission from strong laser pulses propagating in nonlinear optical media. Similarities and differences
with respect to the emission of analog white holes as predicted by quantum field theory in curved
spacetime are highlighted. Conceptual issues related to the role played by the material dispersion
and to the presence or absence of the horizon are clarified. Critical comparison with available
experimental data is made.
PACS numbers: 42.65.-k,04.62.+v,42.50.Lc
I. INTRODUCTION
The most celebrated example of spontaneous parti-
cle creation from vacuum fluctuations was predicted by
Hawking [1, 2] in the context of quantum field theory in
curved spacetime and consists of the emission of a ther-
mal radiation from the horizon of black holes. In the last
decades, the extreme difficulty of detecting this emission
from astrophysical black holes has stimulated the inves-
tigation of analogous phenomena in condensed-matter or
optical systems [3].
The first claim of observation of spontaneous ana-
log Hawking radiation in a laboratory was indeed made
in [4, 5]: following the proposal in [6], a strong infrared
pump pulse was sent through a nonlinear medium (fused
silica in the quoted experiment) and created a moving
modulation of the refractive index. As a result, the speed
of optical photons inside (outside) the pulse is smaller
(larger) than the pulse velocity: Seen from the refer-
ence frame comoving with the pulse, the leading (trailing)
edge of the pulse appears then as the analog of a black
(white) hole horizon. Even if the interpretation of the
experimental results as Hawking radiation is still consid-
ered as controversial by some authors [7, 8], alternative
explanations are based on simplified models [9, 10].
A first step toward the construction of a complete the-
ory of these phenomena was made in [11, 12], where a
microscopic one-dimensional model of this system was
developed and used to predict the emission spectrum for
black-hole configurations. The purpose of this article is
to apply the model of [12] to compute the spectrum of
the spontaneously emitted radiation by the analog white
horizon at the trailing edge of the pulse, from which
most of the quantum vacuum radiation is expected to
be emitted in actual experiments: As a consequence of
nonlinear effects during propagation, this edge quickly
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becomes substantially steeper than the leading one. As a
first step, we consider the idealized case of a large refrac-
tive index modulation and we highlight the consequences
of the multibranched Sellmeier dispersion of fused silica
as compared to the simpler dispersion of nonpolar di-
electrics such as diamond, for which the analogy with
quantum field theory on curved spacetime is accurate.
We then move to more realistic cases inspired by the ex-
perimental parameters [4, 5]. Our results in this respect
will hopefully not only contribute to the on-going debate
on the interpretation of the experiment [7–10], but also
shine light on the conceptual issues related to the role of
the material dispersion and of the horizon on the quan-
tum vacuum radiation process.
II. THEORETICAL MODEL
Following [12], we describe matter-light interaction in
terms of a generalized Hopfield model [13] where the elec-
tromagnetic field is coupled to several matter polariza-
tion fields. These are modeled as uniformly distributed
charged harmonic oscillators with elastic constants βi
and frequencies Ωi (see Appendix A1). With suitable
choices of the parameters, this model is able to repro-
duce the correct Sellmeier dispersion [14]
c2K2 = Ω2 +
n∑
i=1
4πβiΩ
2
1− Ω2/Ω2i
(1)
of transparent dielectrics. For fused silica, n = 3 res-
onances are needed with β1,2,3 = 0.07142, 0.03246, and
0.05540 and ~Ω1,2,3 = 0.1253, 10.67, and 18.13 eV [15].
As it is sketched in the top panel of Fig. 1, the increase
of the refractive index caused by the strong pump pulse
is described as a sudden change of the local values of βi
and Ωi. For the sake of simplicity, we restrict ourselves
to a simplified one-dimensional geometry which already
contains all the basic features of the physics under in-
vestigation. Extension to the full three-dimensional case
introduces severe technical difficulties which go far be-
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FIG. 1. Top panel: Sketch of the refractive index profile for a right-going pulse generating an analog white-hole horizon at
x = 0. Bottom row: single-resonance dispersion relation seen from the comoving reference frame in the external (left) and
internal (right) regions. Solid (dashed) curves represent positive (negative) norm branches. Parameters of the single resonance:
Ω0 = Ω2, β0 = β2, ǫ = 0.3, and v = 0.83c.
yond the scope of the present work.1 Inspired by the
experiments, we also focus our attention on the steep
trailing edge (located at X = vT ) of a pulse propagat-
ing rightward at speed v > 0: This is expected to be an
accurate approximation since light scattering and quan-
tum vacuum emission from the much smoother leading
edge are generally negligible. Outside the pulse (i.e., for
X < vT ), βi and Ωi coincide with the tabulated values
of the material, while inside the pulse (i.e., for X > vt)
we take
β′i = (1 + ǫ)βi, Ω
′
i = (1 + ǫ)
−1/2Ωi. (2)
In the actual calculations, the value of ǫ is chosen in a way
to give the desired value of the refractive index change
δn for photons in the optical window. In experiments,
δn is controlled through the intensity of the pump pulse
1 For a pump pulse with plane-parallel edges, the transverse
wavevector k‖ along the plane is conserved: for each k‖, the
scattering matrix remains finite dimensional, with just a very
complex geometrical structure of modes [11]. The situation is
far more complicated if one wishes to describe the scattering
and amplification of electromagnetic zero-point fluctuations on a
bullet-shaped pulse with a nontrivial profile along the transverse
directions. Finally, for the model to be complete one should also
include the temporal evolution of the pulse under the combined
effects of nonlinearity and dispersion while it propagates through
the medium. A first study of the new features that may arise in
this case is given in [9].
via δn = n2 I, n2 being the optical Kerr nonlinearity
of the material. In the case of fused silica, n2 ≈ 3 ×
10−16 cm2/W, which means that an intensity I ≈ 3 ×
1012W/cm2 is required to get δn ≈ 0.001 [4]. Larger δn
are limited by the damage threshold of the material.
On the other hand, the velocity of the pulse v can
be tuned either by using pump lasers of different wave-
lengths and therefore different group velocities v0 or by
focusing the pump beam with a conic lens. While a
standard Gaussian pulse propagates in vacuum at veloc-
ity c, the highest intensity region of a Bessel pulse [16–
18] obtained by focusing such a pulse through a conic
lens travels at an effective superluminal velocity v =
cδ = c/ cos θ > c. The so-called Bessel angle θ is con-
trolled through the Snell law sin(γ + θ) = nlens sin γ by
the aperture π − 2γ of the conic lens and by its refrac-
tive index nlens [19]. Analogously, the effective velocity
v = vδ = v0/ cos δ > v0 of a Bessel pulse propagating in a
medium is higher than the group velocity v0 and depends
on the Bessel angle δ measured in the medium [5].
Assuming that the pulse shape does not appreciably
change during propagation, the system can be described
in the frame comoving with the pulse at velocity v by
a time independent Hamiltonian (throughout this arti-
cle, quantities measured in the laboratory vs. comoving
frame are denoted by upper vs. lower case symbols).
The field equations can then be solved in Fourier space
with respect to time: within each homogeneous region on
either side of the pulse edge, the dispersion is given by
the Lorentz transform of the Sellmeier dispersion Eq. (1).
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FIG. 2. Emission spectrum from an analog white hole in a nonpolar dielectric such as diamond. Left panel: comoving frame
emission spectrum for the two positive-norm outgoing modes: The solid (dashed) line corresponds to the mode indicated by an
open (filled) dot on the dispersion shown in Fig. 1. Right panel: total emission spectrum in the laboratory frame. The arrow
indicates the wavelength at which the phase velocity equals the pulse velocity, i.e., ω = 0. Same parameters as in Fig. 1.
Matching conditions have then to be imposed at the pulse
edge. This procedure (more details can be found in the
Appendix and in Ref. [12]) provides the scattering matrix
relating incoming (i.e., directed toward the pulse edge,
as seen from the comoving frame) and outgoing modes.
As this matrix mixes modes with positive and negative
norms at a given comoving frequency ω, destruction and
creation operators are correspondingly mixed. As usual,
this leads to a finite intensity of spontaneous quantum
vacuum emission even for an initial vacuum state with
no incoming particles. Once the emission spectrum in
the comoving frame is known for all modes, the one in
the laboratory frame is obtained by a Lorentz transfor-
mation of the emission rate for each outgoing mode con-
tributing to a given laboratory frame frequency Ω and
then by summing over all the modes.2
III. RESULTS
A. Simplified dispersion relation
As a first application, we study the case of a nonpolar
dielectric such as diamond, where the only resonances
2 Most remarkably, whereas fluxes and emission rates coincide in
the comoving frame where the pulse is stationary, a difference
between them arises in the laboratory frame where the source—
the pulse—is moving at velocity v. This simple fact may have
some importance when comparing different calculations and/or
experimental data. In this article, inspired from the detection
scheme used in the experiments [4, 5], we have chosen to describe
the spectral properties of the laboratory frame emission in terms
of the emission rates, that is, the number of photons emitted per
unit time. The total number of emitted photons per pulse is then
obtained by multiplying the emission rate by the time it takes
the pulse to propagate along the nonlinear crystal.
in the Sellmeier dispersion Eq. (1) are in the UV and
the dispersion is regular from Ω = 0, where it is almost
linear with a low-frequency refractive index n0, all the
way through the IR and the visible range. Without loss
of generality, the calculations have been performed with
a single UV resonance at Ω = Ω2 and β = β2.
In particular, the pulse speed v is chosen c/(n0+δn0) <
v < c/n0 in order to have an analog white-hole hori-
zon. The dispersion relation of the lower polariton branch
seen in the comoving frame is plotted in the two panels
on the bottom row of Fig. 1 for, respectively, the exter-
nal (left) and internal (right) region; the upper polariton
branch lies in the UV far outside the field of view and
plays no role in the physics under examination. Solid
(dashed) lines indicate positive (negative) norm modes.
The white-hole nature of this configuration is visible in
that no light can propagate from the horizon into the in-
ternal region. The fact that in-going modes with both
positive and negative norms exist at all frequencies is re-
sponsible for the emission of quantum vacuum radiation
at all frequencies.
The emission spectra on positive normmodes with pos-
itive frequency ω > 0 in the comoving frame are shown
in the left panel of Fig. 2. The solid line corresponds to
the Hawking-like emission in the mode indicated as an
open dot on the dispersion curve shown in the left panel
of Fig. 1: as expected on the basis of the analogy with
quantum field theory on curved spacetimes, its spectrum
displays the usual thermal-like 1/ω divergence at low fre-
quencies [3, 20, 21]. As the dispersion of the outgoing
Hawking mode (open circle in the upper left panel) does
not extend beyond its maximum value ωmax, the Hawking
emission then disappears at high frequencies ω > ωmax.
This effect was originally discussed for black-hole config-
urations in generic dispersive systems in [22] and then
illustrated in the nonlinear optical context in [12].
On the other hand, the intensity of the emission on
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FIG. 3. Upper panels: Optical branch (Ω1 < Ω < Ω2) of the dispersion relation of fused silica [Eq. (1)] as seen from the
comoving frame. The left (right) panels refer to the external (internal) region of an analog white hole. Solid (dashed) curves
represent positive (negative) norm branches. Parameters: v = 0.66c and ǫ = 0.3, giving a strong refractive index modulation
δn ≈ 0.12 in the visible range. Lower left panel: Emission spectrum into the optical branch as seen from the comoving frame.
The solid (dashed) line refers to the emission into the positive norm modes indicated by open (filled) dots in the dispersion
shown in the upper left panel. The emission on the other upper and lower branch is much weaker. Bottom right panel: Total
emission spectrum in the laboratory frame. The arrow indicates the wavelength Λ0 at which the phase velocity equals the pulse
velocity, i.e., ω = 0.
the second outgoing mode (filled dot on the dispersion
curve in the left panel of Fig. 1), which propagates back-
ward with respect to the pulse in the laboratory frame,
is nonzero for all values of ω but much weaker, show-
ing that the spontaneous radiation occurs almost only
on forward-propagating modes. By energy conservation
in the comoving frame, the emission on the outgoing
positive-norm negative-frequency mode indicated by a
cross on the dispersion curve in the left panel of Fig. 1
is given by the sum of the two emissions on the positive
norm modes. As a consequence, the spectrum measured
in the comoving frame is symmetric for ω → −ω.
The right panel of Fig. 2 shows the total emission spec-
trum as observed in the laboratory frame. The thermal
peak of the Hawking radiation around ω ≃ 0 in the co-
moving frame is Doppler shifted in the laboratory frame
to a finite Ω = |γvk0| with k0 defined by the intersec-
tion of the dispersion relation with the ω = 0 line. In
physical terms, k0 corresponds to the wavelength Λ0 at
which the phase velocity of light equals the pulse velocity
and is indicated in the figure by the vertical arrow. Note
that wavelengths Λ > Λ0 (Λ < Λ0) correspond to positive
(negative) comoving frequencies ω. We have checked that
this result is general and holds irrespective of the rela-
tive magnitude ǫ of the refractive index change across the
analog white-hole horizon. A similar result was obtained
in [23].
B. Full Sellmeier dispersion
We now proceed to study the complete Sellmeier dis-
persion Eq. (1) of fused silica where the features of quan-
tum vacuum emission are expected to be dramatically
modified by the presence of a low-frequency pole in the
infrared region of the material dispersion, corresponding
to an optical phonon transition. We start by investigat-
ing the case of a large refractive index jump δn = 0.12.
Even though reaching this value in fused silica would per-
5haps require a very high intensity well beyond the dam-
age threshold, we consider this possibly unrealistic case
for a conceptual reason: This allows us to disentangle the
two different effects due, respectively, to the presence of
the extra pole in the dispersion relation and to the tiny
value of the refractive index jump δn. Indeed, as we shall
see in Sec. III C, in realistic experimental situations they
both contribute to distort the thermal spectrum found in
the previous section.
The three resonances at Ωi=1,2,3 split the dispersion
relation into four polariton branches. The highest one at
Ω > Ω3 is never involved in the physics under investiga-
tion. In what follows, we shall refer to the other three
as lower (Ω < Ω1), optical (Ω1 < Ω < Ω2), and upper
(Ω2 < Ω < Ω3) branches.
While our calculations fully take into account all
branches, in Fig. 3 we focus our attention on the op-
tical branch only. For a pump pulse on the optical
branch [11, 12], the main difference as compared to Fig. 1
is the presence of a forbidden gap in the dispersion shown
in the upper left panel for the region outside the pulse.
The facts that the analog white-hole horizon is active
only in a finite frequency window (ωmin, ωmax) and there
are no low-momentum modes below a certain frequency
ωmin may naively appear as minor differences, but they
have a dramatic effect on the quantum vacuum emission
as it removes two of the four solutions which are involved
in the Hawking emission process at low ω.
In particular, the emission spectra plotted as a solid
line in the lower left panel of Fig. 3 no longer show the
typical 1/ω thermal-like divergence of Hawking emission,
but the total emission goes to a constant value as ω
tends to zero, in agreement with the results of [24, 25],
where this behavior was firstly described. As the ana-
log white-hole horizon is present only in the frequency
range (ωmin, ωmax), the only remaining signature of the
Hawking effect is the rapid growth of the emission for
decreasing ω within this window. On the other hand,
the emission on the backward-propagating mode (filled
dots in the upper left panel) and on the lower and up-
per branches is much smaller at all frequencies; see the
dashed line spectrum in the lower-left panel.
Another remarkable consequence of the infrared pole
is a slight spectral shift of the emission in the labora-
tory frame: in contrast to the standard Hawking case of
Fig. 1, the peak of the emission spectrum in the labora-
tory frame (lower right panel) is in fact slightly shifted
from the wavelength Λ0 indicated by an arrow where the
pulse velocity equals the phase velocity.
C. Weak refractive index modulations
As a last example, we now investigate the experimen-
tally most relevant case of a weak refractive index mod-
ulation. In this case, the presence of an analog horizon
requires a very fine tuning of the pulse velocity. However,
as it was noticed in [12] for the analog black-hole case,
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FIG. 4. Optical branch (Ω1 < Ω < Ω2) of the dispersion
relation of fused silica [Eq. (1)] as seen from the comoving
frame for a Bessel pulse with v = 0.6885c = vδ=6.7◦ and small
refractive index modulation of δn ≈ 0.0016. The thick (thin)
lines refer to the external (internal) region of an analog white
hole. Solid (dashed) curves represent positive (negative) norm
branches.
negative norm modes with positive comoving frequency
are present at all speeds and quantum vacuum radiation
is emitted irrespective of the presence or absence of an
analog horizon.
This important fact is illustrated in Fig. 4, where the
dispersion relation in the comoving frame is plotted for a
typical pulse velocity of v = 0.6885c which can be experi-
mentally achieved by a Bessel pulse with angle δ = 6.7◦.3
For this value of the pulse velocity, no horizon is present.
Furthermore, the weakness of the refractive index jump
(δn ≈ 0.0016 in the figure) makes the dispersion relations
in the internal (thick lines) and external (thin lines) re-
gions very similar.
This yields an extremely faint spontaneous emission
on the unique outgoing positive norm mode (closed dot
in the dispersion shown in Fig. 4), whose flux is repre-
sented in the comoving frame by the solid line in Fig. 5:
the emission is quickly suppressed at large ω and tends
to a constant in the ω → 0 limit. In the absence of a
horizon determining ωmin and ωmax, the extension of the
low-frequency plateau is related to the position of the in-
flection point of the dispersion. As compared to Fig. 3,
the much weaker emission intensity is a consequence of
the small value of δn.
The dashed curve in Fig. 5 represents the sum of the
fluxes of the emission on the two outgoing positive norm
modes indicated by open and closed dots, respectively,
on the dispersion relation in the upper left panel of
Fig. 3, for a horizon configuration with the same val-
3 This is the measured experimental value of the parameter δ used
in the experiment of [4, 5]. Note that this value differs slightly
but significantly from the nominal value of 7◦ quoted in the ex-
perimental papers [4, 5] [D. Faccio, (private communication)].
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FIG. 5. Solid line: Emission spectrum in the comoving frame
into the positive norm mode indicated by the dot in the dis-
persion relation of Fig. 4, for a horizonless geometry formed
by a Bessel pulse with v = 0.6885c = vδ=6.7◦ . Dashed line:
Sum of the emission spectra into the positive norm mode indi-
cated by the closed and open dots in the dispersion relation of
the upper left panel of Fig. 3 for a geometry with white-hole
horizon formed by a Gaussian pulse with v = v0 ≈ 0.684c. In
both configurations δn ≈ 0.0016, corresponding to an input
energy of E = 1280 µJ in the experiment of Ref. [4].
ues of δn ≈ 0.0016. Comparison of the solid and dashed
curves confirms the results of [12] for the black-hole case,
namely, that for such weak values of δn the comoving
frame emission spectrum is not very much affected by the
presence or absence of the horizon. The only (quantita-
tively minor) difference is the peak in the tiny frequency
window where the Hawking-like emission from the hori-
zon is present.
The emission spectra seen from the laboratory frame
are studied in Fig. 6. Inspired by the experiments in [4,
5], we consider a pump pulse of wavelength λ = 1055 nm,
corresponding to a group velocity of v0 = 0.684 c. The
upper left panel illustrates the case of a Gaussian pulse
for which v = v0, while the upper right panel illustrates
the case of a Bessel pulse propagating at the faster speed
v = 0.6885 c corresponding to a δ = 6.7◦ Bessel angle
(see footnote 3). In each panel, four different values of
the refractive index modulation are considered. For the
slower velocity v = v0 (upper left panel), an analog white-
hole horizon is present for all considered values of δn and
the dispersion has the same shape as shown in the upper
panels of Fig. 3. On the other hand, for the faster velocity
v = vδ=6.7◦ (upper right panel), the dispersion has the
qualitative shape shown in Fig. 4 with no horizon.
The most noteworthy feature of these spectra consists
in a significant spectral shift of the emission peak from
the wavelength Λ0 at which the pulse velocity equals the
phase velocity. In contrast to the nonpolar dielectric case
where the emission peak is exactly located at Λ0 (Fig. 2),
the presence of the IR pole is responsible for a shift of
the emission peak. While in the large modulation case of
Fig. 3 this shift was a minor correction, it can be quite
large for a weak modulation: In Fig. 6, this fact is visible
by comparing the position of the emission peaks with the
arrows indicating Λ0.
Two effects can be invoked to justify this shift. On
the one hand, the presence of the IR pole eliminates the
1/ω divergence of the comoving frame emission, which is
replaced by a finite constant value in the ω → 0 limit
(see Figs. 3 and 5). On the other hand, even if the
spectrum measured in the comoving frame is symmetric
for ω → −ω (see Sec. III A), its shape is strongly dis-
torted by the Doppler transformation from the comoving
to the laboratory frame: This transformation is a combi-
nation [12] of the Lorentz transformation of the frequency
differential as dω = γ(1− v/Vg)dΩ, where Vg is the pho-
ton group velocity measured in the laboratory frame, and
a relativistic time dilation ∆T = γ∆t,
dN
dΩ dT
=
∣∣∣∣1− vVg
∣∣∣∣ dNdω dt . (3)
According to this expression, the laboratory frame emis-
sion is strongly suppressed at those frequencies for which
the group velocity Vg is close to the pulse speed v, that
is, when the group velocity vg measured in the comoving
frame is close to zero. The shift of the emission peak
observed in Fig. 6 is thus explained by the fact that the
minimum of vg indicated by the inflection point in the
dispersion relation of Fig. 4 is typically located at low
positive values of ω. This breaks the symmetry ω → −ω
and, as a result, the spectrum measured in the laboratory
frame is peaked at Λ < Λ0.
IV. COMPARISON WITH EXPERIMENTAL
DATA
To complete our discussion, it is interesting to crit-
ically compare our theoretical prediction with available
experimental data [4, 5]. The first puzzling feature of the
experiment is the observation of emission at 90◦ with re-
spect to the propagation direction of the pulse. Based on
purely kinematic arguments [11], the spontaneous Hawk-
ing emission cannot exit a perfectly homogeneous dielec-
tric in this direction. To justify the observation, some
scattering process has to be invoked, caused for instance
by impurities of the glassy fused silica medium 4. Under
the reasonable assumption that the scattering is wave-
length independent, one can attempt to compare our pre-
dictions with the results of Figs. 3 and 4 of [4].
For Gaussian pulses, the agreement of the predicted
position of the peak of the emission with the experimen-
tal data in Fig. 4 of [4] is quite good: This fact is even
more remarkable if one notices that, in this case, the peak
emission wavelength around λ = 400 nm is significantly
4 This possibility is not excluded by the authors of [4, 5] (private
communication).
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FIG. 6. Laboratory frame emission spectra in the case of a weak refractive index modulation obtained with a 1055 nm-laser
pulse. Upper panels: Gaussian pulse propagating at v = v0 ≈ 0.684c (left) and Bessel pulse propagating at v = 0.6885c = vδ=6.7◦
(right). The different curves refer to different values of the refractive index modulation δn ≈ 1.6, 1.3, 0.88, 0.33 × 10−3 (solid,
dashed, dotted, dot-dashed line), corresponding to input energies of E = 1280, 1080, 720, 270µJ in the experiment of Ref. [4].
Lower panels: fixed value of δn = 1.6×10−3 and different pulse velocities. Left: v = 0.684c, 0.685c, 0.686c (solid, dashed, dotted
line, corresponding to δ = 0 Gaussian and δ = 3, 5 Bessel pulses). Right: v = 0.688c, 0.689c, 0.690c (solid, dashed, dotted line,
corresponding to δ = 6, 7, 8 Bessel pulses). In each panel, the arrows indicate the wavelength Λ0 at which the phase velocity
equals the pulse velocity. The vertical lines indicate the wavelengths Λ
(i)
l at which resonant radiation can occur [26]. The line
style coding follows the one of the spectra. In the upper panels, Λ0 and Λ
(i)
l are the same for all curves. In the left upper panel,
Λ0 = 497 nm and the corresponding arrow falls outside the field of view.
different from the wavelength Λ0 = 497 nm at which the
phase velocity equals the pulse velocity. Moreover, the
broader experimental spectrum can be explained by the
variation of the pulse velocity during propagation.
For Bessel pulses, the agreement is only at the qualita-
tive level and severe quantitative differences are visible.
First, from our theoretical calculations, one would expect
a much wider emission spectrum than the experimentally
observed one: So far, no explanation for this discrepancy
is available. Second, the peak emission is theoretically
expected at a wavelength around λ = 700 nm, signifi-
cantly shorter with respect to the experimental one of
λ = 850÷ 875 nm reported in Fig. 3 of [4].
While one must not forget that important deviations
might occur from the one-dimensional approximation of
our theory, another explanation for this shift may come
from the strong sensitivity of the spectral features on
the exact value of the pulse velocity v, experimentally
controlled by the Bessel angle δ. This fact is illustrated in
the lower panels of Fig. 6, showing the emission spectrum
for various velocities ranging from v = 0.684c to 0.690c
at a fixed value of δn = 1.6× 10−3: For instance, a small
change of δ from 6 to 7◦ already leads to a 100 nm-shift
of the emission peak.
Furthermore, when analyzing the emission spectra, one
must keep in mind a crucial result of this work, namely,
that in polar dielectrics such as fused silica the emis-
sion peak for small modulations δn is significantly shifted
from the wavelength Λ0 corresponding to the comoving
frame zero frequency. This is due to the presence of
a pole in the infrared domain, which restricts Hawking
processes to a finite frequency window and makes the co-
moving frame emission spectrum tend to a constant for
ω → 0 (instead of diverging as 1/ω as would be naively
8expected from the gravitational analogy). As a conse-
quence of the Jacobian in the Doppler transform Eq. (3),
the emission peak in the laboratory frame is then found at
a shorter wavelength than Λ0. In the figure, this feature
is clearly visible by comparing the position of the peaks
with the vertical arrows indicating the position of Λ0 for
the parameters of each spectrum. It is worth noting that
slightly different results were obtained in Ref. [23] using
an alternative numerical technique based on the numer-
ical solution of Maxwell equations.
Finally, it must not be forgotten that other effects may
produce similar spectra possibly with stronger intensity,
e.g., the resonant radiation (RR) process and its “neg-
ative” counterpart (NRR) recently observed in [26]. By
“resonant radiation”5 we indicate here a scattering pro-
cess where two pump photons interact via the nonlinear-
ity. One of them falls back in a stimulated way into the
pump wave packet, while the other one acquires a dif-
ferent frequency. Energy conservation in the comoving
frame [26] determines the wavelengths allowed by this
scattering process, which have to share the same comov-
ing frame frequency of the laser pump, irrespective of the
norm of the mode.
In Fig. 6, the laboratory wavelengths at which resonant
radiation processes (both positive and negative ones) can
occur are indicated by straight vertical lines. While their
spectral position is in the vicinity but not exactly coin-
cident with the experimentally observed emission peak,
no truly quantitative comparison is again possible due
to the strong sensitivity on the pulse speed v and the
Bessel angle δ. However, as the resonant radiation pro-
cess is stimulated by the huge number of photons present
in the pump pulse, we expect its emission to be fully co-
herent and its intensity to be far larger than the one of
the spontaneous radiation.
As last competing effects, it must be mentioned that
the nonstationarity of the pulse might be responsible for
other nontrivial classical or quantum [9] emission pro-
cesses during the pulse propagation.
In future experiments, an unambiguous signature of
the spontaneous emission nature of the emission may be
obtained from the nonclassical positive correlations be-
tween pairs of modes with opposite comoving frequen-
cies: As it was discussed in the context of analog mod-
els based on Bose-Einstein condensates, the spontaneous
radiation is expected to violate Cauchy-Schwartz-like in-
equalities [28, 29] and the emitted photons are expected
to consist of strongly entangled pairs [30].
5 Note that the same expression is sometimes used in a broader
sense to indicate various optical processes involving the negative
norm branch of the dispersion [27].
V. CONCLUSIONS
The main conclusion of this article is the recognition of
the fundamental role played by the material dispersion in
determining the spectral properties of spontaneous vac-
uum emission from analog white holes in nonlinear opti-
cal systems.
In nonpolar dielectrics like diamond, where the low-
energy dispersion of photons is linear and a description
in terms of quantum field theory in curved spacetime
is legitimate, we confirm the known result [12, 23] that
the Hawking emission seen from the comoving frame has
a thermal-like shape. When moving to the laboratory
frame, the emission turns out to be peaked at the wave-
length Λ0 at which the pulse speed equals the phase ve-
locity of light.
In other materials, like the fused silica used in the ex-
periments [4, 5], the emission spectrum is significantly
modified as the white-hole horizon is only active within
a finite frequency window. As a result, the thermal char-
acter of the comoving frame emission is lost. Doppler
transformation to the laboratory frame then leads to a
sizable shift of the emission peak from the expected wave-
length Λ0, which is altogether more important as the re-
fractive index modulation is weak.
As an illustrative example, we have performed a crit-
ical comparison with experimental data of [4, 5]. While
the theoretical spectrum of the spontaneous emission is
in good qualitative agreement with the measured one, the
strong sensitivity of the spectral features on experimen-
tal parameters such as the pulse speed makes a quantita-
tive comparison very difficult. In particular, we are not
able to rule out competing effects with similar emission
spectra and possibly stronger intensities such as nega-
tive resonant radiation. An incontrovertible proof of the
spontaneous nature of the emission could be obtained by
looking at the nonclassical correlations among the emit-
ted phonons.
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9Appendix A: Short review of the formalsm
1. Field equation and mode expansion
In this Appendix, we briefly review the formalism de-
veloped in [12] to describe light propagation in analog
white-hole configurations and show how the rate of spon-
taneously emitted particles is computed. In the labo-
ratory reference frame, the one-dimensional Lagrangian
density of the electromagnetic field coupled to N polar-
ization fields Pi is
Ll =
(∂TA)
2
8πc2
−
(∂XA)
2
8π
+
N∑
i=1
[
(∂TPi)
2
2βiΩ2i
−
P 2i
2βi
+
1
c
A∂TPi
]
.
(A1)
After a Lorentz boost, the Lagrangian density in the ref-
erence frame comoving with the pulse at velocity v is
L =
A˙2
8πc2
−
A′
2
8π
+
3∑
i=1
[
γ2
2βiΩ2i
(
P˙i − vP
′
i
)2
−
P 2i
2βi
+
γ
c
A
(
P˙i − vP
′
i
)2]
, (A2)
where dot and prime denote derivation with respect to
the comoving time and space coordinates, t and x, re-
spectively.
As usual, the conjugate momenta are obtained by vary-
ing the Lagrangian
L =
∫
dxL (A3)
with respect to the time derivatives of A and Pi:
ΠA =
A˙
4πc2
, ΠPi =
γ2
βiΩ2i
(
P˙i − vP
′
i
)
+
γ
c
A. (A4)
The fields A, Pi, ΠA, and ΠPi satisfy the following equa-
tions:
A˙ = 4πc2ΠA, (A5)
P˙i =
βiΩ
2
i
γ2
(
ΠPi −
γ
c
A
)
+ vP ′i , (A6)
Π˙A =
A′′
4π
+
3∑
i=1
[
βiΩ
2
i
γc
(
ΠPi −
γ
c
A
)]
, (A7)
Π˙Pi = −
Pi
βi
+ ∂x (vΠPi ) . (A8)
Defining the eight-dimensional vector
V =
(
A P1 P2 P3 ΠA ΠP1 ΠP2 ΠP3
)T
(A9)
and the matrix
η =
(
0 I4
−I4 0
)
, (A10)
(I4 is the 4× 4 identity matrix), the Hamilton equations
can be written in a compact form as
V˙ = η(∇VH). (A11)
Furthermore, a conserved scalar product can be defined
on the space of the solutions of the above equation of
motion:
〈V1, V2〉 =
i
~
∫
dxV †1 (x, t) η V2(x, t). (A12)
Being the system stationary in the reference system
comoving with the pulse, it is convenient to expand the
real field V on a basis of frequency eigenmodes Vω , rather
than, as usually done, on a basis of wavevector eigen-
modes:
V =
∫
dω
∑
α
(
V αω aˆ
α
ω + V
α∗
ω aˆ
α†
ω
)
, (A13)
where
aˆαω = 〈V
α
ω , V 〉. (A14)
Here, the label α denotes various modes with the same
eigenfrequency ω, V αω are properly normalized with re-
spect to the norm induced by the scalar product defined
in Eq. (A12), and the integral in Eq. (A13) generally in-
cludes both positive and negative frequency modes with
positive norm.
In the asymptotic regions far from the pulse edge, the
system is homogeneous and the parameters Ωi, βi, and
v are constant both in time and space. In this situation
one can chose V αω as momentum eigenmodes:
V αω (x, t) = e
−iωt+ikαxV¯ αω , (A15)
where V¯ αω is a vector of constant C numbers, satisfying
− iωV¯ αω = ηK(kα) V¯
α
ω , (A16)
where
10
K(kα) =


k2α/4π +
∑3
i=1 βiΩ
2
i /c
2 0 0 0 0 −β1Ω
2
1/γc −β2Ω
2
2/γc −β3Ω
2
3/γc
0 1/β1 0 0 0 −ikαv 0 0
0 0 1/β2 0 0 0 −ikαv 0
0 0 0 1/β3 0 0 0 −ikαv
0 0 0 0 4πc2 0 0 0
−β1Ω
2
1/γc +ikαv 0 0 0 β1Ω
2
1/γ
2 0 0
−β2Ω
2
2/γc 0 +ikαv 0 0 0 β2Ω
2
2/γ
2 0
−β3Ω
2
3/γc 0 0 +ikαv 0 0 0 β3Ω
2
3/γ
2


. (A17)
The eigenvalues of the above matrix determine the dis-
persion relation
c2k2α = ω
2 +
3∑
i=1
4πβi γ
2(ω + vk)2
1− γ2(ω + vk)2/Ω2i
, (A18)
which has the form of the Sellmeier dispersion relation in
the comoving frame. The eigenvectors corresponding to
the solutions of this dispersion relation can be normal-
ized using the above-introduced scalar product. Since the
scalar product is not positive definite, there exist modes
with negative norm. On one hand, it is possible to show
that all negative norm modes have a negative laboratory
frequency Ω = γ(ω + vk); on the other hand, for a given
positive comoving frequency ω there exist both positive
and negative norm modes. This fact is responsible for
the emission of quantum vacuum radiation.
This implies that, in the expansion of the field V , the
Fock operators associated with those positive-ω modes
are not destruction but instead creation operators. Nam-
ing P the set of positive norm modes V αω , labeled by α,
and N the set of negative norm modes V α˜ω , labeled by α˜,
V becomes
V =
∫ ∞
0
dω e−iωt
(∑
α∈P
e+ikαxV¯ αω aˆ
α
ω
+
∑
α˜∈N
e+ikα˜xV¯ α˜ω aˆ
α˜†
ω
)
+H.c., (A19)
where H.c. stands for Hermitian conjugate. Note that
the positive frequency part of the field (i.e., evolving with
e−iωt) mixes creation aˆαω and destruction aˆ
α˜†
ω operators.
In an analog white-hole geometry, obtained by pasting
together two homogeneous regions as described in Sec. II,
a frequency eigenmode V αω [see Eq. (A13)] can be written
as
V αω =
∑
α
Lαω V
α
ω,L θ(−x) +
∑
α
Rαω V
α
ω,R θ(x), (A20)
where Lαω and R
α
ω are constant, and V
α
ω,L and V
α
ω,R are
frequency-momentum eigenmodes, as in Eq. (A15); that
is, they are solutions of the field equation (A11) in the
homogeneous left (x < 0) and right (x > 0) regions,
respectively. The relations between Lαω and R
α
ω are de-
termined by solving the field equation in a neighborhood
of the pulse edge at x = 0.
2. Scattering modes
In Fig. 7 the full Sellmeier dispersion relation is plotted
for x < 0 (upper left panel) and x > 0 (upper right panel)
in the laboratory reference frame (Ω,K) [see Eq. (1)]. A
boost is then performed on the axes and the new axes
(ω, k) in the reference frame comoving with the pulse
are drawn [see Eq. (A18)]. The central region of those
plots (gray dot-bordered square) is enlarged in the bot-
tom panels. The dispersion relation is graphically solved
for a fixed value of the comoving frequency ω (dashed
line), with ωmin < ω < ωmax. There are eight branches:
four with positive laboratory frequency Ω (solid curves)
and four with negative Ω (dashed curves), symmetrically
placed in the lower plane. In this configuration ω is small
enough that no solution belongs to the highest (positive
or negative) energy branches. We therefore name only
the six branches of the dispersion relation with low en-
ergy |Ω|. In the upper plane (Ω > 0), starting from
the lowest-energy branch, we call them lower (l), optical
(o), and upper (u). Symmetrically, the three branches
with negative laboratory frequency Ω and negative norm
are labeled by l˜, o˜, and u˜. Accordingly, the solutions of
the dispersion relation are labeled by a superscript l, o,
u, l˜, o˜, and u˜. The solutions on the positive and nega-
tive frequency optical branches and o˜ are denoted by an
empty dot. The arrow above each solution indicates the
direction of propagation (group velocity in the comoving
frame) of the associated mode V
α/α˜
ω,L/R.
Note that, for x > 0 (right panels), there are six real-
k solutions, all corresponding to left-going modes. The
remaining two solutions of Eq. (A18) have complex con-
jugate k. They are associated with exponentially grow-
ing (V growω,R ) and decaying (V
dec
ω,R) modes for x→ ∞. For
x < 0 (left panels), instead, the eight solutions are all
real. The two extra real solutions, that do not have a
corresponding solution on the right side, belong to the
optical branch and are associated, respectively, with a
left-going mode, named V o2ω,L, and with the unique right-
going mode, simply named Vω,L, without any superscript.
By combining those asymptotic plane-wave modes
propagating in the flat left and right regions, two relevant
bases of globally defined asymptotically bounded modes
(GDMs) (not diverging at infinity) can be constructed.
We define the in basis as the set of in modes, whose
asymptotic decomposition [Eq. (A20)] has only one AM
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FIG. 7. Graphical representation of the Sellmeier dispersion relation, as seen from the laboratory reference frame (Ω, K), for
x < 0 (left panels) and x > 0 (right panels). The (ω, k) axes of the comoving reference frame are obtained through a boost of
velocity v. As sketched in the top panel, the refractive index in the right region is larger than in the left region. This difference
in the refractive index is obtained by properly changing the parameters βi and Ωi appearing in the Lagrangian [Eq. (A1)]. In
this plot the values of the velocity v and of the refractive index change δn have been arbitrarily chosen for illustrative purposes.
The bottom panels are enlargements of the gray dot-bordered squared of the respective upper panels. The dispersion relation is
graphically solved for a fixed comoving frequency ω, chosen in the frequency window in which the black-hole horizon is present.
Solutions appear both on the positive norm positive-Ω branches (solid curves) and on the negative norm negative-Ω branches
(dashed curves). The empty dots denote solutions on the optical branches with positive (o) and negative (o˜) frequency Ω. The
arrows indicate the direction of propagation (group velocity in the comoving frame) of the associated modes V
α/α˜
ω,L/R
. In the
right region (right panels), the dispersion relation has only six real-k solutions. In the left region (left panels), the number of
real-k solutions is eight, and the two extra solutions are one left-going (V o2ω,L) and one right-going (Vω,L).
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with group velocity vg directed toward x = 0. We say
that the group velocity of an AM is directed toward the
horizon if vg > 0 (vg < 0) for modes which are solutions
of the mode equation in the left (right) region.
Analogously, we define the out basis as the set of
out modes, whose asymptotic decomposition has only
one AM with group velocity directed toward x = −∞
(x = +∞), if the AM is a solution of the field equation
in the left (right) region.
As in Eq. (A19), the field operator V is expanded indif-
ferently with respect either to the in or to the out basis
of GDMs.
V =
∫ ∞
0
dω e−iωt
(∑
α∈P
V in,αω aˆ
in,α
ω +
∑
α˜∈N
V in,α˜ω aˆ
in,α˜†
ω
)
+H.c. (A21)
=
∫ ∞
0
dω e−iωt
(∑
α∈P
V out,αω aˆ
out,α
ω +
∑
α˜∈N
V out,α˜ω aˆ
out,α˜†
ω
)
+H.c.. (A22)
The transformation between the two bases follows
straightforwardly from the construction of those bases.
For instance the incoming negative frequency mode
V in,o˜ω (the global defined mode whose unique asymptotic
branch with group velocity directed toward the horizon
is V R,o˜ω ) is
V in,o˜ω = A
o,l
ω V
out,˜l
ω + αωV
out,o˜
ω +A
o,u
ω V
out,u˜
ω
+Bo,lω V
out,l
ω +BωV
out,o
ω +B
o,u
ω V
out,u
ω + βωV
out
ω .
(A23)
Repeating this procedure for each in mode, the scattering
matrix S is fully determined:
V in,βω =
∑
β′
Sββ
′
V out,β
′
ω . (A24)
Once the scattering matrix is known, the rate per unit
time and unit bandwidth of spontaneous emission on a
certain positive norm mode is simply given by the sum
of the squared absolute values of the amplitudes of the
matrix elements relating all the incoming negative norm
modes and to the chosen outgoing positive norm mode.
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